In this note, we consider Hopf bifurcation control for an Internet congestion model with a single route accessed by a single source. It has been shown that the system without control cannot guarantee a stationary sending rate. As the positive gain parameter of the system passes a critical point, Hopf bifurcation occurs. To control the Hopf bifurcation, a time-delayed feedback controller using polynomial function is proposed to delay the onset of undesirable Hopf bifurcation. Numerical simulation results confirm that the new feedback controller using time delay is efficient in controlling Hopf bifurcation. This approach can be extended to study higher dimensional delay differential equations.
Introduction
Delay differential equations have been widely used to study physical models arising from different areas. Many models of biological phenomena involve delays between interactions. An early example is the Hutchinson-Wright equation introduced by Hutchinson [Hassard et al., 1981] to describe the growth of single species. Many other applications of using delay differential equations can be found in biological neural networks, where the delay occurs in the signal transmission between neurons [Wu, 2001] . Another important field where delay exists is control theory, since any control action takes effect only after a certain delay. In some cases, delay may be negligible, but often it is large enough to have impact on the dynamics of the controlled system [Sirber & Krauskopf, 2004] . Stimulated by the work of Kelly et al. [1998] , delay differential equation has become an important tool in the study of the congestion control mechanisms and active queue management schemes (AQM) for the Internet.
In recent years, controlling and anti-controlling bifurcation and chaos have attracted many researchers from various disciplines. The aim of bifurcation control is to design a controller to modify the bifurcation properties of a given nonlinear system, thereby to achieve some desirable dynamical behaviors [Chen et al., 2000; Yu, 2003] . Typical objectives of bifurcation control include delaying the onset of an inherent bifurcation, stabilizing an unstable bifurcated solution or branch, and changing the critical points of an existing bifurcation, etc. [Chen et al., 2000] . Anti-control of chaos, on the other hand, is to purposely create chaos when it is desirable. One of the applications is "chaotic masking" used in secure communications.
Various methods have been used to control and anti-control chaos and bifurcations. For example, Abed and Fu [1986] proposed a static state feedback approach; while Chen et al. [2000] developed a dynamic state feedback control law, incorporating washout filter to control the Lorenz system. Yu and Chen [2004] developed a nonlinear feedback controller with polynomial functions to control Hopf bifurcations in the Lorenz and Rössler systems. Time-delayed feedback control has also been widely used in controlling chaos. Bleich and Socolar [1996] used time-delayed feedback to obtain stable periodic orbits in a chaotic system, while Brandt et al. [1997] designed a linear, time-delayed feedback control for suppressing a pathological period-2 rhythm in an atrioventricular nodal conduction model. Recently, Song et al. [2002] proposed a chaos control method using time delay based on repetitive learning. However, it has been noted that the application of time delay in controlling bifurcations is not so popular, especially for controlling bifurcations arising from time-delayed systems.
In this note, bifurcation control using a timedelayed feedback controller for an Internet congestion will be considered. This system is used to model the Internet congestion control with a single route and single source [Li et al., 2004; Kelly, 2000] , which can be described as
where k is a positive gain parameter and x(t) is the rate at which a source sends packets at time t. In the Internet, the communication delay is comprised of propagation delay and queuing delay. As the router hardware and network capacity continue to improve rapidly, the queuing delay becomes smaller compared to the propagation delay. D is the sum of the forward and returning delays, that is, the time during which the packet makes a round trip from a sender to a receiver, and back to the sender. As a result, the sum of the forward and returning delays is fixed for resources on a given route. w is a target (set-point), and p(·) is the congestion indication function. When a resource within the network becomes overloaded, one or more packets are lost, and the loss of a packet is taken as an indication of congestion. The congestion indication function is assumed to be increasing, non-negative, and not identically zero [Johari & Tan, 2001 ]. There mainly exist two types of implementations for the congestion control: by resource or by users. For example, in an ATM network, ensuring quality-of-service is handled by the links in the network; while for the TCP/IP model of Internet, resource-centered congestion controllers are not used, since it is a very difficult design problem in network on the scale of the Internet. In today's Internet, this rate is controlled by the Transmission Control Protocol (TCP), implemented as software on end-systems [Kelly, 2000] . The rate control algorithm comprises two components: a steady increase at a rate proportional to w, and a steady decrease at a rate proportional to the stream of congestionindication signal received [Kelly, 2000] . This control model can be used to adjust the sending rate x(t) so that the expected number of marks received by the user will tend to the target w.
Model (1) has been extensively studied by many researchers in the past few years. Kelly [2000] obtained a local stability condition for the equilibrium point of model (1), while the global stability was discussed by Deb and Srikant [2003] . Li et al. [2004] , on the other hand, have shown that Hopf bifurcation may occur as the positive gain parameter, k, passes through a critical point, where a family of periodic solutions bifurcates from an equilibrium point. Thus, the stationary sending rate is not guaranteed, which is not desirable. In this note, we will apply an effective delay feedback control to the Internet model to delay the onset of Hopf bifurcation. It should be noted that for the end-toend congestion control in the Internet, the congestion control is implemented by end-user software, so technically, designing a controller for the Internet congestion model does not increase the cost or the complexity of the system. We will show, with a Hopf bifurcation controller, that one can increase the critical value of positive gain parameter, thereby, guarantee a stationary sending rate for large parameter values, which benefits congestion controls. Furthermore, we will demonstrate that the delayed feedback controller designed for the Internet congestion model can be used for controlling bifurcations arising from general delayed differential equations.
The rest of this note is organized as follows. In Sec. 2, the main results for the Hopf bifurcation of the Internet congestion model obtained in [Li et al., 2004] are summarized for completeness and convenience. Section 3 is devoted to design a time-delayed feedback controller using polynomial function to control Hopf bifurcation for the Internet congestion model. In Sec. 4, numerical results are presented to verify the analytical predictions. Finally, conclusions are drawn in Sec. 5.
Hopf Bifurcation
In this section, the results of Hopf bifurcation for the Internet congestion model, obtained in [Li et al., 2004] , are summarized here for completeness and convenience.
Theorem 1. For system (1), a Hopf bifurcation occurs from its equilibrium, x * , when the positive gain parameter, k, passes through the critical value, [Li et al., 2004] 
The parameters µ 2 , β 2 and τ 2 are given by
where
in which
The detailed derivation of the above formulas can be found in [Li et al., 2004] . For convenience in analyzing Hopf bifurcation, we may, based on the above formulas, write the normal form up to third-order as follows:
where ρ and θ represent the amplitude and phase of periodic solutions, respectively. Thus, the approximate Hopf bifurcation solutions are given by
and the approximate frequency for the family of limit cycles (periodic solutions) is
Note that Re λ (0) and Im λ (0) are, respectively, the derivatives of the real and imaginary parts of the complex conjugate eigenvalues which cross the imaginary axis, giving rise to Hopf bifurcation. These two coefficients depend upon only linear terms of the system, while Re C 1 (0) is determined from nonlinear terms of the system. All the three coefficients are fixed (evaluated at the critical point k = k * ) regardless the variation of k. Then all the conclusions given in Theorem 2 can be easily obtained from Eqs. (5)-(8). Lettinġ ρ = 0 yields two steady-state solutions: Equilibrium solution ρ = 0 (i.e. x = x * ); and Hopf bifurcation solution given by Eq. (7). Suppose k is varied from k < k * to k > k * . Thus, the equilibrium point ρ = 0 is stable (unstable) when k < k * if Re λ (0) > 0 (Re λ (0) < 0), as expected from linear analysis. (Note that the Jacobian of Eq. (5) is J = Re λ (0) (k − k * ) at ρ = 0.) Now, assume Re λ (0) > 0, then the equilibrium point loses its stability at the critical point k = k * and a Hopf bifurcation occurs, giving rise to a family of limit cycles when k > k * . It is easy to see from Eq. (7) that the Hopf bifurcation is supercritical (subcritical) if µ 2 > 0 (µ 2 < 0), since ρ 2 = 1/2µ 2 (k − k * ) > 0 for k > k * when µ 2 > 0. The bifurcating limit cycles are stable (unstable) when β 2 < 0 (β 2 > 0). (Note that the Jacobian of Eq. (5) evaluated on the Hopf bifurcation solution (7) is J = 2β 2 ρ 2 .) Further, for a stable periodic solution (for which µ 2 > 0), it can be observed from Eq. (8) that the frequency of the periodic solution, ω, decreases (increases) as k increases if τ 2 > 0 (τ 2 < 0). This implies that the period of the solution increases (decreases) as k increases if τ 2 > 0 (τ 2 < 0).
Hopf Bifurcation Control
We now turn to design a time-delayed feedback controller in order to control the Hopf bifurcation arising from the Internet congestion model (1). Following the general idea of polynomial function controller , we propose a timedelayed feedback controller as follows:
It is easy to see that this time-delayed feedback controller preserves the equilibrium point of the original Internet congestion model (1). The form of the controller is quite simple, which only involves the first-, second-and third-order terms around the equilibrium point x * . α 1 , α 2 and α 3 are parameters, which can be used to control the Hopf bifurcation to achieve desirable behaviors, such as delaying the onset of a Hopf bifurcation, changing the period of a Hopf bifurcation. Actually, these three terms are sufficient to determine the parameters µ 2 , β 2 and τ 2 , for the direction, stability and period of a Hopf bifurcation.
With the time-delayed feedback controller (9), the controlled Internet congestion model (1) becomes
where x * denotes an equilibrium point, determined from the equation x * p(x * ) = w. Using Taylor expansion, we can expand the right-hand side of Eq. (10) around x * , resulting in the following linearized equation:
, which has the characteristic equation:
When Eq. (11) has a pair of purely imaginary roots λ ± = ±iω (ω > 0), it is straightforward to obtain that
which, in turn, yields
Then, it follows from Eq. (14) and
It has been shown by Li et al. [2004] that the characteristic equation does not have roots with positive real parts unless ω 0 = π/(2D). Thus, we obtain
Letting λ = α + iω, and then substituting λ into the characteristic Eq. (12) yields
from which one can easily obtain
Summarizing the above results gives the following theorem. 
where the equilibrium point x * is kept unchanged, satisfying x * p(x * ) = w.
Theorem 3 indicates that one can delay or advance the onset of a Hopf bifurcation without changing the original equilibrium points by choosing an appropriate value of α 1 . If one only needs to delay the onset of the Hopf bifurcation, a linear, time-delayed feedback control with parameter α 1 is sufficient. The next theorem tells us that one can also change the stability and direction of bifurcating periodic solutions by choosing appropriate values of α 1 , α 2 and α 3 , thereby change the three control parameters µ 2 , β 2 and τ 2 of the Hopf bifurcation.
To find the control parameters µ 2 , β 2 and τ 2 , one can use Taylor expansion to expand the righthand side of Eq. (10) at the equilibrium solution, x * . Thus, we havė
Note that the standard procedure for reducing a general one-dimensional delay differential Eq. (19) to a center manifold and calculating the parameters µ 2 , β 2 and τ 2 are described in [Li et al., 2004] , as well as in the textbook [Hassard et al., 1981] 
It is easy to see from Theorem 4 that one may choose appropriate values of the parameters α 1 , α 2 and α 3 to change the values of µ 2 , β 2 and τ 2 in order to control the direction, stability and period of the bifurcating periodic solutions of the Internet congestion model (1). The normal form for the controlled system (10) is in the same form as Eqs. (5) and (6). The discussions based on Eqs. (5)- (8),
given at the end of the previous section for system (1) without the feedback control, can also be applied here for the controlled system (10).
Numerical Results
In this section, we present numerical results to verify the analytical predictions obtained in the previous section, using the time-delayed feedback controller (9) to control the Hopf bifurcation of Internet congestion model (1). The numerical approach is based on a fourth-order Runge-Kutta integration scheme. For a consistent comparison, we choose the same function, p(x) = x/(20 − 3x), used in [Li et al., 2004] to study model (1). For the uncontrolled model, it follows from Theorems 1 and 2 that The dynamical behavior of this uncontrolled Internet congestion model is illustrated in Figs. 1-3 . It is shown that when k < k * , trajectories converge to the equilibrium point (see Fig. 1 ), while as k is increased to pass k * , x * loses its stability and a Hopf bifurcation occurs (see Figs. 2 and 3) . Note that the period of the Hopf bifurcation increases due to τ 2 > 0. Now we choose appropriate values of α 1 , α 2 , and α 3 to control the Hopf bifurcation. It is easy to for larger values of k. This indicates that the timedelayed feedback controller can delay the onset of Hopf bifurcation, thus guarantee a stationary sending rate for larger values of k. For example, when choosing α 1 = 5.0, the controlled Internet congestion model (10) converges to the equilibrium solution if k < k * = 5.0141, as shown in Fig. 7 .
In general, the parameters α 2 , α 3 , as well as α 1 , can be all used to tune the parameters µ 2 , τ 2 and β 2 . Although it may be enough to use only α 1 for system (1) in delaying the onset of the Hopf bifurcation, it is more effective to use all the three parameters in changing the property of the The critical value k * = 2.2717, and the equilibrium point is the same as that in the case when α 1 = 0.5, α 2 = 0, α 3 = 0. Taking k = 2.3 yields the results shown in Fig. 8 , where k takes the same value as that of the case shown in Fig. 5 . It is noted that the behavior shown in Fig. 8 is quite different from that of Fig. 5 even if a same value of k is used in the two cases. The amplitude of the limit cycle shown in Fig. 8 is larger than that depicted in Fig. 5 . This can be easily explained by using the normal form (5) and the bifurcation solution (7), because the absolute value of β 2 given for [Berns et al., 1998; Chen et al., 1998; Nayfeh et al., 1996; Yao et al., 2001] .) This suggests that one may choose appropriate values of α 2 and α 3 , in addition to α 1 , to obtain the desired behavior of a Hopf bifurcation.
Conclusions
In this note, a time-delayed feedback controller is proposed for an Internet congestion control system with single link and single source. By choosing appropriate control parameters, it has been shown that the time-delayed feedback controller can effectively control Hopf bifurcation (i.e. delaying the onset of a Hopf bifurcation or changing the property of a Hopf bifurcation) for the Internet congestion model, and thus a stationary sending rate for large positive gain parameter is guaranteed. This timedelayed feedback controller can be used for controlling Hopf bifurcation in a general one-dimensional delayed system. Numerical results have been presented to verify the analytical predictions. The control design proposed in this note may be extended to study higher dimensional time-delayed systems.
